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1. INTRODUCTION 



Let (X, d/i) be a measure space, H a Hilbert space and a > 0. 

Consider a family of linear operators U(t) : H — » il defined for each tëR. Let 
f7* (t) : L\ —> H be the adjoint of U(t). We assume that the family U(t) satisfies 
the energy estimate 

(1) \\U{t)h\\ L2x <\\h\\ H , VteR,VheH, 

and the dispersive inequality 1 

(2) \\U(t)U*(s)f\\ L ^<\t- s r\\f\\ Llx , Vtjta, VfeL x nL 2 x . 

The energy estimate allows us to consider the operator T : H — > L^°(M;L^-) 
defined as Th(t) = U(t)h, for f G M and h E H. lts formal adjoint is the operator 
T* : Lj(R; L\) ^ H given by the iï-valued integral 

T*F = ƒ [/*(s)F(s)ds. 

The composition TT* is the operator 

TT*F{t) = J U(t)U*(s)F(s)ds, 

which can be decomposed as the sum of its retarded and advanced parts, 

(TT*) R F(t)= f U{t)U*(s)F(s)ds, (TT*) A F(t)= f U(t)U*(s)F(s) ds. 

J s<t Js>t 

In usual applications, the operator T solves the initial value problem for a lin- 
ear homogeneous differential equation, while the retarded operator (TT*)r solves 
the corresponding inhomogeneous problem with zero initial conditions (Duhamel's 
principle) . 

Definition 1.1. Following 0, we say that the exponent pair (g, r) is sharp a-admissible 
if 

2<g,r<oo, i = a Q - ^ ^ , (q, r, a) ^ (2, oo, 1). 
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Figure 1. Admissible and acceptable exponents 



Definition 1.2. We introducé another definition and say that the pair (q,r) is 
a-acceptable if 

1 < q,r < 00) - < 2cr [ i — — ] , or fg, r) = (oo, 2). 

q \2 rj 

In the following thcorcm was proved: 

Theorem 1.3. IfU(t) obeys JTJ and (J2J, iften the estimates 

(3) M i|(ffi;iy < W H , 

( 4 ) \\ T * F \\ H <\\F\\ Lt> . iL , y 

( 5 ) IIP^^II^W^II^IzfoMLS)' 
hold for all sharp u- admissible pairs (q,r) and (q,r). 

As it was already remarked in we expect the inhomogeneous estimate |(SJ| to 
have a wider range of admissibility than the one given by sharp er-admissible pairs. 
This phenomenon has already been observed by Harmse [3j and Oberlin in the 
context of the wave equation for the case q — r. What they prove is essentially that 
the inhomogeneous estimate 

\\(TT*) R F\\ LP ^ RxX ~ ) < H-Fïlip'ptxx) ' 
holds when p, p satisfy the conditions 

11 o 11 cr 

and — , — < 



pp 1 + cr pp l + 2a 

Note that the pair (p,p) is sharp er-admissible only for 1/p = a/ (2(1 + <r)), while it 
is cr-acceptable if and only if p < er/ (2a + 1). 

Also, in the context of Schrödinger's equation, Kato 5 proved that the inho- 
mogeneous estimate (0) holds when the pairs (q, r) and (q, r) are cr-acceptable and 
satisfy the conditions 

11 / 11\ llcr-1 
er 1 ~ i and - , — > 



q q \ r r ) r r 2a 

Our goal is to find the largest range for the pairs (q, r) and (q 1 r) which guarantees 
the validity of the inhomogeneous estimates iJSj, and which can be deduced by 
assuming only the energy and dispersive properties, and Our main result 
is summarized by the following theorem. 
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Theorem 1.4 (Global inhomogeneous estimates). Let 1 < q,q,r,r < oo. IfU(t) 
obeys JQl and lj2")l. then the estimate JHJ Ziotós w/ien i/ie pairs (g, r) and (q,r) are 
a-acceptable, verify the scaling condition 

11/11 

6 h ~ = c I 1 = 

q q \ r r 

and satisfy one of the following sets of conditions: 

• if er < 1, there are no further conditions; 

• if o — 1, we also require that r,r < oo; 

• if a > 1, we distinguish two cases, 

— non sharp case: 

(7) - + i<\, 

q q 

O — la (7—1(7 

8 <- — ^<-; 

r r r r 

— sharp case: 

(9) - + i=i, 

q q 

(7 — 1 (7 (7—1 (7 

(10) <-, — — <-, 

r r r r 

1111 

(11) -<-, ^<^. 

r q r q 

Remark 1.5. Conditions Q and © which appear in the non sharp case for a > 1 
are always trivially satisfied if o~ < 1 or if a — 1 and r, r < oo. 

Remark 1.6. Condition (JüJ together with l/q + l/q < 1 have the following interpre- 
tation: if (1/Q, 1/ü) is the midpoint between the points (l/q, 1/r) and (l/q, 1/r), 
then (Q, R) is a sharp er-admissible pair. 

Remark 1.7. Formally, it is easy to verify that TT* coincides with its dual (TT*)*, 
while {TT*) R * = (TT*) A . Moreover, {TT*) A becomes {TT*) R if we invert the di- 
rection of time. These duality relations explain why all conditions must be invariant 
under the symmetry (q, r) <-> (q,r)- 

Remark 1.8. In the case q — r and q — r, theorem 11.41 reduces to the results of 
Harmse and Oberlin which can be shown to be optimal. 

Remark 1.9. When a > 1, theorem 11.41 improves on Kato's result Kato's 

theorem required r and r to be less than 2<r /(a — 1). We replace that restriction 

with a condition which can be read as 

(7—1 r cr 
< - < 



cr r er — I 

Our proof of theorem 1 1 . 41 makes use of the techniques of Keel and Tao [ü] and is 
based on the following localized version of the inhomogeneous estimates. 

Theorem 1.10 (Local inhomogeneous estimates). Assume U(t) obeys Q and 
and let I and J be two time intervals of unit length |/| = \J\ = 1 separated by a 
distance of scale 1, dist(/, J) rj 1. Then, the estimate 

(12) IIÏT'FH^.^) < \\F\\ L?{I;L%) , VF£I4'(I;I/ X ), 
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holds for all pairs (c/, r) and (q, r) which verify the following conditions: 

(13) 1 < q, q < oo, 2 < r, r < oo, 

er — 1 er er — 1 er 

(14) < - — ^- < -, 

TT TT 

1 /l 1\ 1 /ll 

(15) _>*__-, ^> a ' 



q \r r J q \r r 

and if er = 1, we must also require r, r < oo. 

Remark 1.11. For the local estimates of theorem ll.lUI we do not require the pairs 
(q, r) and (q, r) to be cr-acceptable. 

2. Proof of the local estimates 

Proof of theorem M.KA Let £i OC ai be the set of points (1/g, 1/r; 1/q, 1/r) in [0, l] 4 
corresponding to the pairs (c/,r), (q,r) for which the estimate (jl2(l is valid. 

We start by observing that the dispersive estimate J5J) immediately yields the 
case q = r = q = r = oo, 



(16) \\TT*F\\ Lr{J . LW) < ^ \\U(t)U*(s)F(s)\\ Lr(J . iLst) ds < 

<J i \\F(s)\y x ds = \\F\\ Ll{I . Llx) . 

Hence, (0,0; 0,0) G £ loca i- 

On the other hand, if we exploit the factorization TT*, we can apply the homo- 
geneous Strichartz estimates © and 

(17) \\TT*F\\ LÏ{J;Lx) < \\T*F\\ H < \\F\\ LUl .^ y 

and obtain that (1/q, 1/r: 1/q, 1/r) € ^ïocai whenever (g, r) and ((f, r) are sharp 
cr-admissible pairs. 
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By Standard LP interpolation 2 between Ijl6|l and i|17[) . we obtain that £i OC ai con- 
tains the convex huil of the set 

{(0, 0; 0, 0)} U {[-,-; 4, -l) : (q,r) and (q,r) are sharp er-admissible pairs 
{\q r q r) 

Since we have restricted F and TT*F to unit time intervals, it follows from 
Hölder's inequality that when q > Q, q > Q and ^1 6 £i OC al then 

(è' r 1 <J' ^ ^ïocai- If we a Pply this property to the points of the above con- 
vex huil we obtain that £i OC ai contains a set £ * exactly described by the conditions 
appearing in theorem ll.lül More details of this computation are given in appen- 
dix m □ 

Remark 2.1. As observed in jü], there exists a natural scaling associated to the 
family U(t). More precisely, let A > 0, then the hypotheses Q and J5J are invariant 
under the rescaling 

d,i^A ff d^, (h 1 ,h 2 ) H ^X' T {hi,h 2 ) H , U(t)^U(t/X). 

If we apply theorem ll.lOl to the rescaled operators and espress the result in terms of 
the original operators we obtain the following generalization of the local estimates. 

Proposition 2.2. Let L and J be two time intervals of length X, \L\ = \ J\ = X, 

separated by a distance of scale X, dist(/, J) sa A. We have the estimate 

( 18 ) ii TT ^iLi(^)^ A ^' r; ^ii^iLr(/ ; ^v 

with 

1 1 ƒ,1 r 

P(q:r;q,r) = - + - - a 1 

q q \ r r / 
whenever the pairs (q, r) and (q, r) satisfy the conditions appearing in theorem M.KA 

3. DYADIC DECOMPOSITIONS OF SETS, FUNCTIONS AND OPERATORS 

By duality, the linear estimate 10) is equivalent to the bilinear estimate 
\B{F,a)\<\\F^^\\G\\ L{ ^ y 
where B is the scalar bilinear operator 

(19) B{F 1 G)=fj (U{s)*F{s) 7 U(t)*G{t))dsdt. 

J J s<t 

We want to decompose B into a sum of localized operators to which we can 
apply proDOsition l2.2l In order to do so, we make use of Whitney's decompositions 
of open sets applied to the domain of the integration in (|19f) . 

We say that A is dyadic number if A = 2 k for some integer k. The set of all 
dyadic numbers, 2 Z , is a multiplicativc abclian group. In the following A, /i and v 
will always denote dyadic numbers. In particular, if a > then 

y a« = ■ ^ 

is the sum of a convergent geometrie series. 
2 See [TJ. 
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Figure 3. Whitney's decomposition of the region s < t. 

Recall that a dyadic square in M 2 is a square whose sidelength is a dyadic number 
A e 2 Z and such that all the coordinates of its vertices are integer multiples of A. 

Lemma 3.1 (Dyadic Whitney decomposition (see |B|))- Let £1 be a proper open 
subset of R 2 . There exists a partition of ft into a family Q of essentially disjoint? 
dyadic squares with the property that the distance of Q from the boundary of Q is 
approximately proportional to the diameter of Q . 

Let Q be the Whitney decomposition for the domain Q = {(s, i) : s < t} given 
by lemma 13.11 For each dyadic number A, let Q\ be the family of squares in Q 
whose sidelength is A. Each square Q = I x J e Q\, has the property that 

(20) A = |/| = | J| « dist(Q, dn) « dist(I, J). 

Since Q = U\ Uq £ q a Q and the squares Q are essentially disjoint, we can write 
the decomposition 

(21) B = ]T ]T B Q , 

where, for each square Q = l x J, we set 

B Q (F,G)=B(xiF, X jG)= ff j (U{s)*F{s), U(t)*G(t)) ds dt, 

JJ teJ 

with xi, XJ being the characteristic functions of the intervals / and 3 . The local 
estimate <|18[) of proposition 12 . 21 is equivalent to a bilinear estimate for the localized 
operator Bq, Q = J x J, namely 

(22) \B Q (F,G)\ < HFH^^j HGH^^j . 
Lemma 3.2. Suppose that l/p+ 1- then we have 

\\f\\ L P(I) \\9\\ L p(J) < II5|Ilp(R) , 

QeQx 

Q=IxJ 

for ƒ £ L P (R), g G L P (K.) and any dyadic number X. 

^By essentially disjoint we mean that the interiors of the squares are disjoint. 
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Proof. It follows immediately from the incquality 

EKBni<(EKr) 1/p ~(Ei s ni p ) 1/P ! 

n n n 

which is valid only if 1/p + 1/p > 1, and the fact that for each dyadic interval I 
there are at most a fixed finite number of intervals J which satisfy (|20(l and they 
are all contained in a neighborhood of I of size O(A). □ 

It follows from lemma l3~2l that if (|22|) holds with 1/q + 1/q < 1 then we have 

(23) J2 \ B Q( F >G)\ < A««^ llflLr^gj «GU^^, ■ 

As in Keel and Tao we are going to decompose the functions F and G 
into dyadic atoms and then play with interpolation on the bilinear version of our 
operators. There is a small difference with respect to the approach of Keel and 
Tao: in the non sharp case of theorem 11.41 instead of decomposing functions, for 
each fixed time, into dyadic pieces with respect to the L r x norm, we are going to 
decompose our functions into L^-valued dyadic pieces with respect to the Lf norm. 
This will allow us to recover some extreme cases, namely the cases of equality in 
condition JHJ). For the sharp case of theorem II. 41 we will perform the same dyadic 
decomposition as in Keel and Tao. 

Let 1 < p < oo. Let X be a measurable space and B be a Banach space. A 
p-atom in L P (X; B) of size A is a measurable function <p : X — > B such that 

• £ i— > (/?(£) is supported on a set of measure less than A; 

• IMIi-(* iS ) £ * 1/p - 

It follows that we have IMIiP^ g) ^5 1 f° r an y p-atom ip. More generally, for any 
p-atom of size A and any exponent q G [1, oo] we have 

(24) IMI^(* ;B )<Aï-i 

Any LP function can be decomposed into a dyadic sum of p-atoms. 
Lemma 3.3. Any B-valued function F €E L P (X]B) can be decomposed as 

F(t) = a x <px(t), 
Ae2 z 

where 

• each <p\(t) is a p-atom in L P (X; B) of size A; 

• the atoms ip\ have disjoint supports; 

• a\ are non-negative constants such that 

\\f\\LP(X;B) ~ IUp(2 z ) • 

The proof of the lemma is the same as in the scalar case (see lemma 5.1 in 6 ). 

4. Proof of the global estimates: non sharp case. 

We assume now that we are in the non sharp case with 1/q+l/q < 1 and we want 
to prove the global inhomogeneous Strichartz estimates JSJ) under the conditions 
stated in theorem II. 41 
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We can apply lemma IQ to the functions F E Lf(R;L%) and G E L((R;L r x ), 
and obtain the decompositions 

F(t) = Y a^(t), G(t) = Y KMt), 

~l / I / 

where is a g'-atom in L\ (R; L r x ) of size fi, tp v is a g'-atom in L\ (R; L r x ) of size 
v and 

( 25 ) W f WlI' (R;L%) ~ IWU' ' H G Hl«'(R;L^) ~ IIMU' • 

We plug these decompositions into our previous decomposition l|21|) of the operator 
B and obtain 

(26) B(F,G) = <V&„ Y B Q {^ V ). 

\,H,u QeQx 

If we apply the local estimates for the terms _Bq((^ m , %p v ) directly to this sum we 
will obtain a divergent sum. Fortunately, as was well illustrated in we can gain 
some summability by slightly perturbing the exponents q and q. 

Remark 4.1. To simplify the notation it is convenient to introducé the function 
[•] : R+ -> R+ defined by 



[A] = maxjA, - }, 



which plays the role, in the multiplicative group R + , played by the absolute value 
in the additive group R. In particular [2 fe ] = 2' fe l. 

Lemma 4.2. Suppose {qo,r) and (qo,r) are such that 1/qa + l/§o < 1 o-nd that 
the estimate holds with exponents (q,r) and (q,r) for all (l/q,l/q) in a full 
neighborhood of (1/go, l/5o)- Then, there exists e > such that, for all dyadic 
numbers A, fi, v, we have 

Y \B Q {vM\<^ {qo ' r ^ 
QeQx 

whenever ip^ is a(f -atom of size ii in L t ° (R; L r x ), andi\) v is aq' - atom in L q t ° (R; L r x ) 
of size v. 

Proof. When (l/q, 1/q) is close enough to (l/qo, 1/qo) we still have l/q + l/q< 1. 
Hence, we can combine the estimate (|23|) with the property (|24[1 of dyadic atoms 
and we obtain 





— e 


'V' 


. A. 




A- 



_1 1 _1 1 



Y \B Q {^ V )\ < \^r q rr)^ -± v i- n -\ = A /3(«o,r;?o,r) W 

For given A, /i, v, we can choose q and q in a neighborhood of qo and qo so that 
1 l _ƒ + e, if M < A, i i ^ ƒ + e, if v < A, 

qo q \ - e, if M > A; q q \ - e, if v > A, 

where e is a small positive number (independent of A, (i, v). Doing this way we have 



and the lemma is proved. □ 



^ 90 ~ 


'l>>' 




A. 
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The inequality (|23|) holds when (q, r) and (q 7 r) are in the range of validity of 
the local estimate l|12|l . described by conditions (|14|l . I|15|l. In order to apply 
lemma ET2l to the sum in <|2ö|) we require that | + A < 1 and that we have strict 
incqualitics in (|15fl . so that \2'ó\i remains valid under small perturbations of q and 
q. We obtain 



\B(F,G)\ <Y, a ^Y. xKq ' r ' m 



"M" 


— e 




-A- 




X 



The sum over A diverges unless r; r) = 0, in which case we have 







]"' 


X 



< 1 + log 



-/r 


) 


■/r 


— £ 











-'lij VI 



where the sequence c\ = (1 + log[A])[A] £ is summabic, 

INI* = £(1 + log[A])[A]- s = £(1 + |n|)2-l"l < oo. 

Hence, 

(27) \B{F,G)\<^2 aii b v c„ /v , 

where the right hand side is a convolution sum written in multiplicative index 
notation. 

Lemma 4.3 (Young's inequality for convolution of sequences). Let A n , B n , C n be 

sequences of non negative numbers. If 

1 1 1 „ 

- + - + - > 2, 
p q r 

then Y,n*AnBkC n - k < \\A\\ ep \\B\\ t9 \\C\\ ir . 
Since we have 

11 11 

^ + - + 1 = 3--- - > 2, 
q' q' q q 

we can apply Young's inequality to l|27|) and use l|25[) to finally obtain 

\B(F,G)\ < \\a\\ e , \\b\\ eql \\ c y < MrftoL&lMLfKLÏ)- 
We summarize the conditions we have imposed so far on the parameters q, r, q, r: 

• the non sharp case condition 1/q + 1/q < 1; 

• the scaling invariant condition (3{q, r;q,r) = 0, which is equivalent to Jïïjl; 

• conditions on r and r for the validity of the local estimates, 

(7 — lc (7 — 1(7 

<=, -^<-; 

r r r r 

• conditions on q and q for the validity of the local estimates with strict 



inequality, 



- >oYi--] , i> tri- -- 

q \r r J q \r r 



which, in the scaling invariant case P(q,r; q,r) = 0, become equivalent to 
say that (q, r) and {q, r) are cr-acceptable pairs. 
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5. PROOF OF THE GLOBAL ESTIMATES: SHARP CASE. 



In the sharp case of theorem 11.41 if we slightly perturb the values of q and q, 
we may violate the condition l/q + l/q < 1 which is necessary for lemma 13.21 
and we could not repeat the trick used in lemma EOl to gain summability in (|26|l . 
However, we can still play with the exponents r and r, if we perform the atomic 
decomposition on the function F(t) and G(t) for each fixed t. 

We assume now that l/q + l/q = 1 . 

For each t, we can apply lemma EOl to the functions F(t) e L r x and G(t) £ L r x , 
and obtain the decompositions 



G(t) =X>„(*)iM*), 



where ipfi(t) is a r'-atom in L r x of size n, ipv{t) is a r'-atom in L r x of size ;/ and 

(28) \\F(t)\\ Lx r> « IM*)II*" , l[G(t)|| Ljïr ,«||M*)[l^- 

We plug these decompositions into our previous decomposition l|21|) of the operator 
B and obtain 

(29) B(F,G)= £ £ BQ(a^ M ,W,). 

Lemma 5.1. Suppose (<?, ro) and (q,ro) are such that the estimate (|23f) ZioZds wif/i 
exponents (q,r) and (q,r) for all (1/r, 1/r) m a full neighborhood of (1/ro, 1/ro). 
Then, there exists e > smc/i i/iatf, /or dyadic numbers A, fi, v and dyadic square 
Q = I x J 6 <2a; we Ziawe 





— e 


" 1/ " 


- A CT - 







\Lï'(I) W°\\li'(J) ' 



whenever a £ L q (I;M), b <E L q (J;R) ; and /or eac/i t, tóe function <^(i) is a 
r -atom of size [i in Lxr' Q , and the function tp v (t) is a r' -atom in Lxr' of size v. 

Proof. We combine the local estimate (1221 with property (|24|l of dyadic atoms and 
we obtain 



„, — ,1111 
< A /3( g ,r; 9 ,r) -- 7;/ -- 7 



Similarly to what we did in the proof of lemma l4~2l for given A, ju,, v, we can choose 
r and r in a neighborhood of 7q and tq so that 



□ 









- A CT - 









A^. 



and the lemma is proved. 



The inequality (|22|l holds when (q, r) and (<f, r) are in the range of validity of 
the local estimate l(T2")l . described by conditions ifHfl) . (|T4*|) . lfT3|) . In order to apply 
lemma 14.21 to the sum in (|29f) , we require strict incqualities in (|14f> and l|15|l , so 
that l|22ll remains valid under small perturbations of r and r. We obtain 



\B(F,G)\ < X^ q ' r ' q '~ r 





— e 




- X a - 







E 



l a /J Li' (I) II^IIl9'(J) ' 
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Since l/q + l/q = 1 we can still apply lemma l3~2l and the sum reduces to 



\B(F,G)\<J2(Y, X0{q ' r '' 





— s 




1 











IIMiï'fRÏ ||M 



As in the previous section, the sum over A diverges unless f3 (q, r;q,r) = 0, in which 
case we have 



- — e 


' V ' 







< 



Hence, 
(30) 

Since we have 



\B(F,G)\<J2\ 



(l + log 





) 


'M" 


—e 


-V - 




. V . 





-n/v 



1 1 



1 



1 1 



q q q q 

we can apply lemma FOI to l|3U|) and obtain 

1/5' 



w,g)i<(x;im*)&) (Eii^wii^ 

= II(E«-(') ?N "'' 



To finish the proof, we observe that we have 



(£w- 



< 



< 



(EM*) f 
(£M*) r 



,\ 1/r' 



l|GW|| ixr ,, 



if we require 4 that q < r and q < r. 

We summarize the conditions we have imposed so far on the parameters g, r, q, r: 

• the sharp case condition 1/q + l/q= 1; 

• the scaling invariant condition r;q,r) = 0, which is equivalent to Ipjjl: 

• conditions for the validity of the local estimates with strict inequality, 



cr—1 o 

< ~, 

r r 



G — 1 O 
^— < -. 

r r ' 



1 



> o 



1 1 

r r 



1 



> cr 



1 1 

r r 



which by © and (JÜJ reduce to 



(cr-1) 2 1 (7-1 
er(2er - 1) < r < 2(7-1' 



2(7 



1 1 



1< - < 2(7 

9 



1 1 

2 ~ r 



tecnical conditions needed to recover the £ r norm from the l q norm, q < r 
and q < r. 



This seems to be a technical condition which made us prefer to proceed with the different 
dyadic decomposition in the non sharp case, but which we are not able to avoid in the sharp case. 
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6. Applications to Schrödinger equations 

As an application of theorem 11.41 and theorem 11.101 we derive estimates for 
solutions to inhomogeneous linear Schrödinger equations. Let now U(t) : L 2 (M. n ) — > 
L 2 (M. n ) be the operator which describes the solution u(t,x) = (U(t)f)(x) of the 
homogeneous equation 

id t u + Au = 0, teR,xeW n \ 

with initial data it(0, x) = f(x). In terms of the Fourier transform we have 

(31) F[U(t)f}(0=Ü(t,0=eW 2 f(0. 
We also have the explicit formula 

(32) Tf(t, x) = (U(t)f)(x) = u(t, x) = (47rf)-"/ 2 ƒ e^-^ 2 /( 4t ) ƒ (y) dy. 



The corresponding (TT*)r retarded operator describes the solution of the inhomo- 
geneous equation 

(33) id t v + Av = F(t,x), O0,ïeM", 
with zero initial data. We have the explicit formula 

(34) (TT*) R F(t, x) = v(t, x) = (4^)-"/ 2 / / — -j^F(s, y) Ayds. 



(t - s)"/2 

Using Plancherel's theorem, we can immediately verify from (|31Jl that U{t) sat- 
isfies the energy estimate Q and also the group property U(t)U*(s) = U(t — s). 
li we take absolute values inside the integral in formula 132f) . we verify that J2J is 
satisfied with a = n/2. 

Hcnce, we can apply the local estimates of theorem II .101 and the global estimates 
of theorem II. 41 and obtain the following sufficiënt conditions. 

Proposition 6.1. Ifv is the solution of l|33|l with zero initial data and inhomoge- 
neous term F supported on [0, 1] x K", then we have the estimate 

( 35 ) ll U ll£f([2,3];I/-(R")) - W F hf ( [0,l];i ? '(R")) ' 

whenever q, r, q, r satisfy the conditions 

1 < q,q < oo, 2 < r,r < oo, 

n — 2 n n — 2 n 

<- — — <-, 

r r r r 

1 > n fl 1\ 1 > n /l 1 



and if n — 2, we must also require r,r < oo. 

Proposition 6.2. Ifv is the solution of l|33|l with zero initial data and inhomoge- 
neous term F supported onRx W 1 , then we have the estimate 

( 36 ) IMIi'pR^CR»)) ^ ll-^ILf (R;L-'(R")) ' 

whenever (q,r), (q,r) are n/2-acceptable pairs which satisfy the scaling condition 

1 1 _ n A 1 1 
q q 2 \ r r 
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and eüher the conditions 
(37) 

(38) 

or the conditions 
(39) 

(40) 
(41) 



1 1 

- + ^< 1, 
q q 

- 2 n 

< - 

r r 



n 



1 




1 






+ 




i. 


q 




q 


n 




2 


n 






- < 






r 




r 


1 




1 


1 




< 


3 




r 




q 


r 



n — 2 Ti 

< -, 

r r 



-2 ra 
— <-, 
r r 



< 



We now want to discuss the sharpness of these propositions. By constructing 
explicit counterexamples we are able to show the following necessary conditions. 

Proposition 6.3. If the estimate l|35|l holds for any F supported on [0, 1] x R™, 

then q, r, q, r must satisfy the conditions 

(42) ^ ' 1 



(43) 
(44) 
(45) 



r 
1 

, r 

2 ra 
q~ r' 

- -li-I 



<1, 
1 

< -, 
ra 

ra — 



1 n 
- > - 
9 " 2 



2 ra 

- < — 

9 r 

1 1 



Proposition 6.4. /ƒ the estimate ()35J) ZioWs /or any F supported on K x 
(9, r), (9, r) must be n/2-acceptable pairs which satisfy the conditions 



l , then 



(46) 
(47) 
(48) 
(49) 



1 1 
1 

r r 



1 1 

- + = <1, 
9 9 



1 

, r 
2 < n 

q ~ r 



1 

< -, 
n 

ra - 2 



2 ra 
q ~ r 



n ) is translation 
-y, then we must 



Remark 6.5. If a bounded linear operator T : L p (M. n ) — » i g (I 
invariant, i.e. T(f or y ) — (Tf) or y for any translation Tj,(a:) = x- 
have that 9 is bigger or equal to p (see 0]). The operator (TT*)r dehned in |JÏÏ4*|) 
has a convolution structure and so it is invariant with respect to space and time 
translations. As a consequence we obtain the necessity of conditions (|42|l and (|47ll . 

Remark 6.6. The necessity of (1461 follows from the scaling properties the operator 
(TT*)r dehned in l|34|l under the parabolic scaling 

{t,x) ' 



( A 2 ' A 



as A — > + and as A 
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Let us now construct some concrete examples of solutions v(t, x) to the inho- 
mogeneous Schrödinger equation J22J>, which we use to prove the necessity of the 
remaining conditions stated in proposition IÖ.3I and 16.41 The flash solution of ex- 
ample I5~7I will correspond to condition ((45(1 : the bump solution of example l6.8l will 
prove that (q,r) must be a n/2-acceptable pair in proposition 16.41 the focusing 
solution of example l6.9l will correspond to conditions 1)44(1 and 1(49(1 : the oscülatory 
solution of examole I6.lt)! will correspond to conditions 1)43(1 and l(48|l . 

Example 6.7. Let £,r/ be two small positive parameters with < e 2 < i] < 1. Let 
v(t,x) be the solution to (|33|l corresponding to the flash forcing term F given by 
the characteristic function 

F(s,y)= X {0<s<e 2 ,\y\ < e) . 

When < s < e 2 , \y\ < e and 2 < t < 3, \x\ <£L ij/e, we have 

\ X ~ (\ |2 , r^l \\ f 1 



(N 2 + 0( ? ;)) Q + 0(e 2 )) =l± + 0(r,). 



t - s 

The oscillating factor in 134|l then becomes 

(50) e i|z-y| 2 /(4(t-s)) = e i\x\ 2 /(4t) (1 + o(rj)) . 

Hence, for some small (but fixed) values of rj, we can estimate v in the region 

2 < t < 3, \x\ <c ri/e, 

\v(t,x)\ sa f f (1 + 0(t?)) dyds >e 2 e n . 

Jo J\y\<e 



We deduce that 



"L?Ll > E E E _ g2 /g+n/F-n/r 



\F\\ L n. L «, ~ £ 2/ 5 ' £ „/r' 



This ratio blows up unless we have 



1 1 

=. > n 



which is the necessary condition (|45|l for the local estimate. 

Example 6.8. Let r\ be a small positive parameter. Let v(t,x) be the solution 
to 1(33(1 corresponding to the bump forcing term F given by the characteristic func- 
tion 

F{s,y) = x(0 < s < l,\y\ < 1) . 
When < s < 1, |y| < 1 and f > 2, £ <C 7/£, we have 

k — y| 2 f, ,2 , ^, ^\ , ^ / i \\ M 2 



(tf + oh.)) ï + ? -a. + <„) 



The oscillating factor in ((34(1 still behaves as in ((50(1 . Hence, for some small (but 
fixed) values of ry, we can estimate v in the region t > 2, \x\ -C ryi, 

\v(t,x)\^r n / 2 f f (ï + o^)) dyds>r n / 2 . 

Ja J\y\<l 

We deduce that 

||w(i)|| L ,. > t - n / 2 t n/r = f-nd/a-i/O. 
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Whcn v g L q t {R]L r x ) then the right hand side must belong to L q {R) 1 but this 
happens only if (g, r) = (oo, 2) or if the integrability condition 

- qn (5 - ;) < - 1 ' 

is satisfied, which is equivalent to say that (g, r) is a n/2-acceptable pair. 

Example 6.9. Let e, 1) be two small positive parameters with < e 2 < rj < 1. Let 
v(t,x) be the solution to (|33|l corresponding to the focusing forcing term F given 
by the characteristic function 



F(s,y)=x[0<s<e 2 , 



1 2/1 - - 



< e 



When < s < e 2 , \ \y\ - f | < e and 2 < i < 3, |x| < e, we have 



t — s \e 2 J \t ) e 2 t 

The oscillating factor in l|34|l then becomes 

e i|«-»| a /(4(t-)) = e V/(^ 2 *) (i + {rj)) . 

Hence, for some small (but fixed) values of rj, we can estimate v in the region 
2 < t < 3, \x\ <C e, 

\v(t,x)\= I [ (l + 0{n)) dyds>e 2 e- n+2 . 

Jo y||„i-i|< e 



We deduce that 



> £ £ £ _ £ n/r+2/q+(n-2)/T 



\F\\ L f L « ~ £ 2/?' e (-n+2)/r' 



This ratio blows up unless we have 

n-2 2 n 
r q ~ r ' 

which is the necessary condition (|44|l for the local estimate or the necessary condi- 
tion (|49l) for the global estimate. 

Example 6.10 (0). Let R > 1 and < 77 < 1. We choose 

F( S ,y) = e i2R2s \(0<s<l,\y\<l 

We have U-Pil/,?' (^..1,9' q 1])) ~ (i]/R) n . We can write the solution v as 
(51) 

, ,1 e i(2ü 2 S 2 -|x-y| 2 /(4(t-,))) , 

v(t,x)= / dsdy= / l(t,—f-,R)dy, 

J\y\<n/nJo (t~s) n / 2 J\y\<v/R V 2iï 7 

where I is the oscillatory integral 



r 1 

I(t,z,R)= / e u * a ¥' (ai * , *ty(a; i) da, 
Jo 
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with phase (p(s;t,z) = 2s 2 — \z\ 2 /(t~ s) and amplitude 4>(s;t) = l/(t — s) n / 2 . The 
first and second derivatives of the phase are 



{t-s) 2 ' sr (t-s)3' 

When t S [2,3] and 1/2 < \z\ < 1, derivatives with respect to s of all orders for ip 
and ip are uniformly bounded by absolute constants and the phase ip has exactly 
one non degenerate critical point s* = s*(i, z) in [0, 1], 



2 



4(t - s*) 2 



1 1 

48' 4 



d s ip(s*,t,z) = 0, d^(p(s*,t,z) = 4 - 



2s* 



By Standard stationary phase methods (see |ÜI2]), we obtain that the integral / 
decays like 1/R as R — * oo, more precisely 

*^=*i +0 (i 

where 



27T 

J*(i,z) = e™ /4 ip{s*(t,z);t) J Q2 ¥>*CM) = tp(s*(t, z);i,z). 



By the above computations, when t € [2,3] and |z| < 1 we have 

(52) |J,(t,z)|«l; 

moreover, 

2z 

\7 z (p*(t,z) = V z (p(s*;t,z) = — = 0(1), 

t — s* 

so that we have ip*(t, z) — ip(t, Zo) — 0(z — Zq). In particular, this shows that the 
oscillatory factor 

gUiV^ssP) = e iR 2 v ,{t,^)+o( v ) = e irfV.(*.*) ^ + ^ ( 

does not oscillates too much when \y\ < f]/R, R < \x — y\ < 2R and rj is sufficiently 
small. It follows that 

/ \ e iR 2 V ,(t,x/{2R)) / T _,.\ /I 

' ('• W - fl ) - ï — s — J - (*■ W) (1 + ° ( "» + (i 

which inserted in (|51(l and using l|52|) proves that 

\v(t,x) > — '— 

on the region 2 < i < 3, i? + rj/R, < \x\ <2R — r]/R. Thus, the ratio 

II^IIl--(R";L^([2,3])) > iT"" 1 ■ iW r = fln( i /r _ 1/f )_i 
H^llL f; '(R";L<i'([o,l])) ~ R~ n l r 

cannot be bounded as R — > oo unless 

1 11 

r r — n ' 

which is the necessary condition (|43|l for the local estimate or the necessary condi- 
tion (|48l) for the global estimate. 
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1/2 



1/n 



1/n 1/2 

FlGURE 4. Necessary and sufficiënt conditions on r and r for local 
inhomogeneous estimates for the Schrödinger equation. 

7. Open questions 

Remark 7.1. For the local estimates (|35p. the range of values for the exponents 
(5, r; (f, r) which is described by the necessary conditions of proposition l6.3l is larger 
than the corresponding range described by the sufficiënt conditions of proposi- 
tion l6.ll In particular, our examples do not exclude the possibility that local esti- 
mates could be valid for some (q, q) when (r, r) are in one of the following ranges, 
Rj , which are not covered by proposition 16.11 
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- - < 
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To our knowledge, this is still an open problem. It seems that using only the 
conservation of energy and the dispersive properties of the linear evolution for 
the homogeneous Schrödinger equation, as we do with Strichartz estimates, is not 
enough to reach these regions. Is there some other smoothing property associated 
with the inhomogeneous operator (|34|l ? 

If, instead of using Li (R; L r x ) norms, we measure functions using L r (X; L q (M.)) 
norms, then we are able to prove estimates for (r, r) inside the regions R3 and R4; 
details on this can be found in 0. 

Remark 7.2. Similarly, for the global estimates (|36|l . the range of values for the ex- 
ponents (<?, r; q,r) which is described by the necessary conditions of proposition l6.4l 
is larger than the corresponding range described by the sufficiënt conditions of 
proposition 16.21 The gap here lies in the difference between condition (|38|l and 
condition gÜJ). 
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Remark 7.3. Finally, one last question. If the inhomogeneous Schrödingcr equation 
turns out to have better integrability properties than the ones provided by propo- 
sition KTT1 or proposition lfi.21 is it then possible to construct some family U(t) of 
evolution operators which satisfy the requirements Q and (j2J and such that their 
integrability properties for the inhomogeneous estimates are exactly those given by 
theorem 1 1 . 1 01 and theorem ll.41 '' 



Appendix A. Details on the set defined in section El 
We construct the set £* in three steps. 

First, £* contains the point (1/Q, 1/R; 1/Q, 1/R) when the pairs (Q,R) and 
(Q, R) are sharp admissible. This is a square in [0, l] 4 defined by the equations 

1 (1 1\ 1 (1 1\ 11111 

(53) Q =(X \2-R)> Q= a {2-R)> °-Q'Q>R'R-2> 

and, if er = 1, we must also require (Q, R) ^ (2, oo) and (Q , R) ^ (2, oo). 

Second, contains the convex huil of the above square with the point (l/oo, l/oo; l/oo, l/oo). 
These are points of the form (8/Q,8/ R;8/Q,8/ R) where (Q,R) and (Q,R) sat- 
isfy (SP and < 9 < 1. 

Third, contains points of the form (1/q, 1/r; 1/q, 1/r) where 

1 1 _ 8 16 1 _ 6 

q~ Q' r~R' q~Q' r~ R 

Hcnce, the set is the set of points (1/q, 1/r; 1/q, 1/r) £ [0, l] 4 for which there 
exist Q, R, Q, R, 9 such that 



Q V2 RJ' Q \2 R 

o<— ,i<-, o<— ,i<-, o<0<i, 

- Q'Q - 2' ~ R'r-2' - - 

19 19 19 19 

q-Q' ÏÏ~Q' r~R' Ï~ÏÏ 

and if er — 1 we must also require that R ^ oo and R ^= oo. 
Using the last two equalities, we can eliminate R and R, 

9 (9 1\ 9 (9 1 
Q~ a \2~r)' ~^- a \2~7 

8 8 9 1 1 6» 

10 10 

q ~ Q' q~Q 
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Using the first two equalities, we can eliminate Q and Q, 

(e i\ 9 (9 i\ 

0<cr --- <-, 0<<7 --- < 



2 r ) ~ 2' - V 2 rj- 2 

o<-,i<^, 0<Ö<1, 

r r 2 

1 (6 1\ 1 (9 1 

><r - -- , - > o 



q \2 r ) q \2 r 
We rearrange these inequalities, 
< 9 < 1, 

cr-lölél cr- 10 1 e 

< - < -, < - < -, 

cr 2 ~ r ~ 2' cr 2 _ F _ 2' 

(70 1 cr ffö 1 (T 

2 q r 2 q r 
We isolate the quantity l/6>, 

o — 1 r 1 r cr — 1 r 1 r 

<- < -, <- < -, 

cr 2 ~9 ~ 2' cr 2 -(9 - 2' 



2 



1 I 1 

<-. -r^ <-. 



There exists some 9 which satisfies the above system of inequalities if and only if 

each expression on the left of 1/9 is less or equal to each expression on the right. 

This means that we must have 

r r 
1 < -, 1< -, 

" 2' " 2' 

cr — lr r o — lf r 

< -, < -, 

cr 2 - 2' cr 2 - 2' 

crr/lcr\ cr r I 1 cr 

2-2V^ + fJ' 2-2V<7 + 7 

We rearrange these inequalities in a final form 

r > 2, r>2, 

cr — 1 cr cr — 1 cr 

— — <-, <=, 

r r rr 

aal cr cr 1 

rr — q' r r ~ q 

We should also remember that in the case cr = 1 we had to exclude the case r = 00 
or t — 00. These are the conditions which describe the set £* and are the same 
which appear in the statement of theorem ll.101 
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